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A LUNA STALE SLICE THEOREM FOR ALGEBRAIC STACKS 


JAROD ALPER, JACK HALL, AND DAVID RYDH 


Abstract. We prove that every algebraic stack, locally of finite type over an 
algebraically closed field with affine stabilizers, is etale-locally a quotient stack 
in a neighborhood of a point with a linearly reductive stabilizer group. The 
proof uses an equivariant version of Artin’s algebraization theorem proved in 
the appendix. We provide numerous applications of the main theorems. 


1. Introduction 

Quotient stacks form a distinguished class of algebraic stacks which provide in¬ 
tuition for the geometry of general algebraic stacks. Indeed, equivariant algebraic 
geometry has a long history with a wealth of tools at its disposal. Thus, it has 
long been desired—and more recently believed |AlplO[ IAK14) —that certain alge¬ 
braic stacks are locally quotient stacks. This is fulfilled by the main result of this 
paper: at a point with linearly reductive stabilizer, an algebraic stack is etale- 
locally a quotient stack of an affine scheme by the stabilizer. In the case of smooth 
algebraic stacks, we can provide a more refined description which resolves the 
algebro-geometric counterpart to the Weinstein conjectures |Wei00] — now known 
as Zung’s Theorem [ZunObl ICFIIl ICS131IPPT14) — on the linearization of proper 
Lie groupoids in differential geometry. 

What the main theorems (Theorem II.II and 11.211 of this paper really justify 
is a philosophy that quotient stacks of the form [SpecA/G], where G is a linearly 
reductive group, are the building blocks of algebraic stacks near points with linearly 
reductive stabilizers. These theorems yield a number of applications to old and new 
problems, including: 

• a generalization of Luna’s etale slice theorem to non-affine schemes 1 112.21) : 

• a generalization of Sumihiro’s theorem on torus actions to Deligne-Mumford 
stacks 11 12.31) . confirming an expectation of Oprea |Opr06[ §2]; 

• Bialynicki-Birula decompositions for smooth Deligne-Mumford stacks (D, 
generalizing Skowera |Skol3) : 

• a criterion for the existence of a good moduli space 1 112.9L generalizing 
|KM^IAFSvl4| : 

• a criterion for etale-local equivalence of algebraic stacks ( 112.81) . extending 
Artin’s corresponding results for schemes [Art69al Cor. 2.6]; 

• the existence of equivariant miniversal deformation spaces for curves ( 112.5|) . 
generalizing |AK14) : 

• a characterization of toric Artin stacks in terms of stacky fans [GSISI 
Thm. 6.1] i m^ : 

• the etale-local quotient structure of a good moduli space ( 112.61) : 
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• formal GAGA for good moduli space morphisms f ii2.6l) . resolving a conjec¬ 
ture of Geraschenko-Zureick-Brown [GZ121 Conj. 32]; 

• a short proof of Drinfeld’s results [Dril3) on algebraic spaces with a Gm- 
action (SUD; and 

• compact generation of derived categories of algebraic stacks f H2.13l) . 

Our first theorem gives a precise description of the etale-local structure of an 
algebraic stack at a non-singular point with linearly reductive stabilizer. This is 
the algebro-geometric analogue of Zung’s resolution of the Weinstein conjectures. 

Before we state the theorem, we introduce the following notation: if X is an alge¬ 
braic stack over a field k and x G X(fc) is a closed point with stabilizer group scheme 
Gx, then we let Nx denote the normal space to x viewed as a Ga;-representation. If 
J C Ox denotes the sheaf of ideals defining x, then Nx = If Gx is smooth, 

then Nx is identified with the tangent space of X at x; see Section ITTI 

Theorem 1.1. Let X be a quasi-separated algebraic stack, locally of finite type over 
an algebraically closed field k, with affine stabilizers. Let x G |X| be a smooth and 
closed point with linearly reductive stabilizer group Gx ■ Then there exists an affine 
and Stale morphism {U,u) —>■ {Nx//Gx,0), where NxjjGx denotes the GIT quotient, 
and a cartesian diagram 

{[Nx/Gx],0) - {[W/Gx],w) {X,x) 

□ 

iNx//Gx,0)^ - {U,u) 

such that W is affine and f is Stale and induces an isomorphism of stabilizer groups 
at w. In addition, if X has affine diagonal, the morphism f can be arranged to be 
affine. 

In particular, this theorem implies that X and [Nx/Gx] have a common etale 
neighborhood of the form [Spec A/G^]. Our second theorem gives a local description 
of an algebraic stack at a (potentially singular) point with respect to a linearly 
reductive subgroup of the stabilizer. 

Theorem 1.2. Let X be a quasi-separated algebraic stack, locally of finite type over 
an algebraically closed field k, with affine stabilizers. Let x G X(fc) be a point and 
H C Gx be a subgroup scheme of the stabilizer such that H is linearly reductive and 
Gx/H is smooth (resp. Stale). Then there exists an affine scheme Spec A with an 
action of H, a k-point w G Spec A fixed by H, and a smooth (resp. Stale) morphism 

f: ([Spec A/iJ], w) (X,x) 

such that BH = f~^{BGx); in particular, f induces the given inclusion H Gx 
on stabilizer group schemes at w. In addition, if X has affine diagonal, then the 
morphism f can be arranged to be affine. 

The main techniques employed in the proof of Theorem 11.11 are 

(1) deformation theory, 

(2) coherent completeness, 

(3) Tannaka duality, and 

(4) Artin approximation. 

Deformation theory produces an isomorphism between the nth infinitesimal neigh¬ 
borhood of 0 in iNfa; = [Nx/Gx] and X^"!, the nth infinitesimal neighbor¬ 
hood of X in X. It is not at all obvious, however, that the system of morphisms 
{jN: jsfW X} algebraizes. We establish algebraization in two steps. 
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The first step is effectivization. To accomplish this, we introduce coherent com¬ 
pleteness, a key concept of the article. Recall that if {A, m) is a complete local ring, 
then Coh(A) = l^m ^^ Coh(A/m”'~*~^). Coherent completeness is a generalization of 
this, which is more refined than the formal GAGA results of [EGAl III.5. 1.4] and 
[GZ12) (see il2.6l) . What we prove in il3.1l is the following. 

Theorem 1.3. Let G be a linearly reductive ajfine group scheme over an alge¬ 
braically closed field k. Let Spec A be a noetherian affine scheme with an action 
of G, and let x £ Spec A be a k-point fixed by G. Suppose that A'^ is a complete 
local ring. Let X = [Spec A/G] and let X^”! be the nth infinitesimal neighborhood of 
X. Then the natural functor 

(1.1) Coh(X) ^ ^Coh(X["l) 

n 

is an equivalence of categories. 

Tannaka duality for algebraic stacks with affine stabilizers was recently estab¬ 
lished by the second two authors |HR14bl Thm. 1.1] (also see Theorem 13.51) . This 
proves that morphisms between algebraic stacks ^ X are equivalent to sym¬ 
metric monoidal functors Coh(X) —> CohCy). Therefore, to prove Theorem 11.11 
we can combine Theorem fOl with Tannaka duality ('Corollary 13.611 and the above 
deformation-theoretic observations to show that the morphisms {/^"^: —>■ X} 

effectivize to /: iNfa, —>■ X, where Isla, = Xjv„./Gx Spec Ojvx/Gx,o- The morphism 
/ is then algebraized using Artin approximation |Art69a] . 

The techniques employed in the proof of Theorem ll.2l are similar, but the meth¬ 
ods are more involved. Since we no longer assume that x £ X(fc) is a non-singular 
point, we cannot expect an etale or smooth morphism iNfa, —>• X. Using Theorem 
o and Tannaka duality, however, we can produce a closed substack 5f of iNfa, and 
a formally versal morphism /: df —^ X. To algebraize /, we apply an equivariant 
version of Artin algebraization ('Corollarv lA.141) . which we believe is of independent 
interest. 

For tame stacks with finite inertia, Theorems o and O are one of the main 
results of [AOVOSj . The structure of algebraic stacks with infinite stabilizers has 
been poorly understood until the present article. For algebraic stacks with infinite 
stabilizers that are not—or are not known to be—quotient stacks. Theorems 11.11 
and 11.21 were only known when X = is the moduli stack of semistable curves. 

This is the central result of [AK14] , where it is also shown that / can be arranged to 
be representable. For certain quotient stacks. Theorems 11.11 and 1 1.2 1 can be obtained 
using traditional methods in equivariant algebraic geometry, see il2.2l for details. 

1.1. Some remarks on the hypotheses. We mention here two counterexamples 
to Theorems o and O if some of the hypotheses are weakened. 

Example 1.4. Some reductivity assumption of the stabilizer Gx is necessary in 
Theorem 11.21 For instance, consider the group scheme G = Spec fc[a;, ?/]xy+i —>■ 
= Specfc[a;] (with multiplication defined hy y xyy' + y + y'), where the 
generic fiber is Gm but the fiber over the origin is Ga. Let X = BG and a; € jXj 
be the point corresponding to the origin. There does not exist an etale morphism 
([lU/Ga],u') ^ (X,a;), where W is an algebraic space over k with an action of Ga. 

Example 1.5. It is essential to require that the stabilizer groups are affine in a 
neighborhood of a; £ jXj. For instance, let A be a smooth curve and £ ^ A be 
a group scheme whose generic fiber is a smooth elliptic curve but the fiber over 
a point X € A is isomorphic to Gm- Let X = i?£. There is no etale morphism 
{\W/Gm\,uo) —>■ (X,x), where W is an affine fc-scheme with an action of Gm- 
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1.2. Generalizations. Using a similar argument, one can in fact establish a gen¬ 
eralization of Theorem O to the relative and mixed characteristic setting. This 
requires developing some background material on deformations of linearly reduc¬ 
tive group schemes, a more general version of Theorem 11.31 and a generalization of 
the formal functions theorem for good moduli spaces. To make this paper more 
accessible, we have decided to postpone the relative statement until a future paper. 

If Gx is not reductive, it is possible that one could find an etale neighborhood 
([Spec A/GLn],w) (X, x). However, this is not known even if X = HfcjgjGe where 
Ge is a deformation of a non-reductive algebraic group |ConlO) . 

In characteristic p, the linearly reductive hypothesis in Theorem 11.21 is quite 
restrictive. Indeed, an algebraic group G over an algebraically closed field k of 
characteristic p is linearly reductive if and only if G° is a torus and |G/G°| is 
coprime to p |Nag62| . We ask however: 

Question 1.6. Does a variant of Theorems \ 1. 1\ and \l.‘A remain true if “linearly 
reduetive” is replaced with “reductive”? 

We remark that if X is a Deligne-Mumford stack, then the conclusion of Theorem 
11.21 holds. We also ask: 

Question 1.7. //X has separated (resp. quasi-affine) diagonal, then can the mor¬ 
phism f in Theorems \ 1. 1\ and \l.S\ be chosen to be representable (resp. quasi-affine)? 

If X does not have separated diagonal, then the morphism / cannot necessarily 
be chosen to be representable. For instance, consider the non-separated affine line 
as a group scheme G —^ whose generic fiber is trivial but the fiber over the origin 
is Z 2 . Then BG admits an etale neighborhood /: [A^/Z 2 ] —>■ BG which induces an 
isomorphism of stabilizer groups at 0, but / is not representable in a neighborhood. 

1.3. Notation. An algebraic stack X is quasi-separated if the diagonal and the 

diagonal of the diagonal are quasi-compact. An algebraic stack X has affine stabi¬ 
lizers if for every field k and point x: Spec fc —>■ X, the stabilizer group Gx is affine. 
If X is an algebraic stack and Z, C X is a closed substack, we will denote by X^^ 
the nth nilpotent thickening of Z C X (i.e., if J C Ox is the ideal sheaf defining Z, 
then x|(^ ^ X is defined by If a; € jXj is a closed point, the nth infinitesimal 

neighborhood of x is the nth nilpotent thickening of the inclusion of the residual 
gerbe 9x X. 

Recall from |Alpl3| that a quasi-separated and quasi-compact morphism ^: X —>■ 
y of algebraic stacks is cohomologically affine if the push-forward functor ((>, on 
the category of quasi-coherent Ox-modules is exact. If y has quasi-affine diag¬ 
onal and (p has affine diagonal, then p is cohomologically affine if and only if 
R(()*: DQCoh(^) ^ ^QCoh(y) Uexact, cf. |Alpl3[ Prop. 3.10 (vii)] and [HNR141 
Prop. 2.1]; this equivalence is false if y does not have affine stabilizers |HR14a[ 
Rem. 1.6]. If G —J- Specfc is an affine group scheme of finite type, we say that G 
is linearly reductive if BG —>■ Specfc is cohomologically affine. We say that G is 
an algebraic group over fe if G is a smooth, affine group scheme over k. A quasi- 
separated and quasi-compact morphism (p: X ^ Y of algebraic stacks is a good 
moduli space if Y is an algebraic space, cp is cohomologically affine and Oy —>■ ^*Ox 
is an isomorphism. 

If G is an affine group scheme of finite type over k acting on an algebraic space 
X, we say that a G-invariant morphism tt: X —>■ T of algebraic spaces is a good GIT 
quotient if the induced map [A'/G] —> T is a good moduli space; we often write 
Y = XjjG. In the case that G is linearly reductive, a G-equivariant morphism 
tt: AT —F is a good GIT quotient if and only if tt is affine and Oy —J- is 

an isomorphism. 
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If X is a noetherian algebraic stack, we denote by Coh(X) the category of coherent 
Ox-modules. 

Acknowledgements. We thank Andrew Kresch for many useful conversations. 
We also thank Bjorn Poonen for suggesting the argument of Lemma [5d1 We would 
also like to thank Dragos Oprea and Michel Brion for some helpful comments. 

2. Applications 

Theorems o and O have many striking applications. We first record some 
immediate consequences of Theorems If. II and II. 21 Unless stated otherwise, for this 
section k will denote an algebraically closed field. 

2.1. Immediate consequences. If X is a quasi-separated algebraic stack, locally 
of hnite type over k with affine stabilizers, and x £ X(fc) has linearly reductive 
stabilizer G^,, then 

(1) there is an etale neighborhood of x with a closed embedding into a smooth 
algebraic stack; 

(2) there is an etale-local description of the cotangent complex Lx/k of X in 
terms of the cotangent complex Lw/fc of W = [Spec A/G^]. If x G jXj is a 
smooth point (so that W can be taken to be smooth), then Lyg admits 
an explicit description. In general, the [0, l]-truncation of Lw/fe can be 
described explicitly by appealing to (1); 

(3) for any representation Y of G^,, there exists a vector bundle over an etale 
neighborhood of x extending V ; and 

(4) the G^-invariants of a formal miniversal deformation space of x is isomor¬ 
phic to the completion of a finite type fc-algebra. 

We now state some further applications of Theorems 11.11 and 11.21 We will defer 
their proofs until [J5] 

2.2. Generalization of Luna’s etale slice theorem. We now provide a refine¬ 
ment of Theorem II.21 in the case that X = [A/G] is a quotient stack. The following 
theorem provides a generalization of Luna’s etale slice theorem. 

Theorem 2.1. Let X he a quasi-separated algebraic space, locally of finite type 
over k, with an action of an algebraic group G. Let x € Xik) be a point with 
a linearly reductive stabilizer Gx- Then there exists an affine scheme W with an 
action of Gx which fixes a point w, and an unramified Gx-equivariant morphism 
{W,w) —>■ (A, x) such that f: W G —>■ A is etale^ 

If X admits a good GIT quotient X XjjG, then it is possible to arrange that 
the induced morphism WjjGx —>■ XjfG is etale and W G = WjjGx '^xi/G 
Let Nx = Tx,x/Tg x,x be the normal space to the orbit at x; this inherits a 
natural linear action of Gx ■ If x G X is smooth, then it can be arranged that there 
is an etale Gx-equivariant W —>■ Nx such that WjjGx NxjjGx is etale and 

Nx x<^- G - W x^- G —^ A 

□ 

NxjjGx -- WjjGx 

is cartesian. 


^Here, W G denotes the quotient (W X G)/Gx. Note that there is an identification of 
GIT quotients (W x°^ G)//G ^ W//Gx. 
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Remark 2.2. The theorem above follows from Luna’s etale slice theorem |Lun73] if 
X is affine. In this case, Luna’s etale slice theorem is stronger than Theorem l2.1l as 
it asserts additionally that W —)■ X can be arranged to be a locally closed immersion 
(which is obtained by choosing a Gx-equivariant section of Tx^x and then 

restricting to an open subscheme of the inverse image of under a Ga;-equivariant 
etale morphism X Tx,x)- Note that while |Lun73] assumes that char(fc) = 0 and 
G is reductive, the argument goes through unchanged in arbitrary characteristic 
if G is smooth, and Gx is smooth and linearly reductive. Moreover, with minor 
modifications, the argument in |Lun73] is also valid if Gx is not necessarily smooth. 

Remark 2.3. More generally, if X is a normal scheme, it is shown in |AK141 §2.1] 
that W ^ X can be arranged to be a locally closed immersion. However, when X 
is not normal or is not a scheme, one cannot always arrange W ^ X to be a locally 
closed immersion and therefore we must allow unramified “slices” in the theorem 
above. 


2.3. Generalization of Sumihiro’s theorem on torus actions. In |Opr06[ 

§2], Oprea speculates that every quasi-compact Deligne-Mumford stack X with 
a torus action has an equivariant etale atlas Spec A —^ X. He proves this when 
X = Mo,n(IP’',d) is the moduli space of stable maps and the action is induced by 
any action of Gm on P” and obtains some nice applications. We show that Oprea’s 
speculation holds in general. 

Let r be a torus acting on an algebraic stack X, locally of finite type over fc, 
via cr: T X X ^ X. Let ^ = [X/T]. Let x G X(fc) be a point with image y G y(fc). 
There is an exact sequence 

(2.1) 1 —^ Gx —^ Gy —>■ Tj, —>■ 1 

where the stabilizer QT is defined by the hber product 


( 2 . 2 ) 


Tx X BGx BGx 

□ 

T X BGx -^ X 


and (j\x ■ T x BGx T x X X. Observe that Gy = Specfc x Tx- The 

exact sequence cm is trivially split if and only if the induced action Ux of Tx on 
BGx is trivial. The sequence is split if and only if the action ax comes from a group 
homomorphism T -G Aut(Ga;). 

Theorem 2.4. LetX be a quasi-separated algebraic (resp. Deligne-Mumford) stack, 
locally of finite type over k, with affine stabilizers. Let T be a torus with an action 
on X. Let x G X(k) be a point such that Gx is smooth and the exact sequence (12.11) 
is split (e.g., X is an algebraic space). There exists a T-equivariant smooth (resp. 
Stale) neighborhood (Spec A, m) —>■ (X,x) that induces an isomorphism of stabilizers 
at u. 


The theorem above fails when (EU does not split. For a simple example, consider 
the action of T = on X = H/x„ defined by: for t € Gm{S) = T{S,Os)* 
and {■C,a) G BjiffiS) (where £ is a line bundle on S and a: ^ Og is an 

isomorphism), then t ■ {L, a) = {L,t o a). The exact sequence of (|2.1I) is 1 —>■ 
fin —>■ Gm ^ Gm 1 which does not split. In this case though, there is an etale 
presentation Spec k Bfin which is equivariant under Gm ^ Gm- More generally, 
we have: 


Theorem 2.5. Let X be a quasi-separated Deligne-Mumford stack, locally of finite 
type over k. Let T be a torus with an action on X. If x G X(fc), then there exist a 
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reparameterization a: T —^ T and an etale neighborhood (Spec A, u) —^ (X, x) that 
is equivariant with respect to a. 

In the case that X is a normal scheme, Theorem was proved by Sumi- 
hiro |Sum741 Cor. 2], |Snm751 Cor. 3.11]; then Spec A —>■ X can be taken to be 
an open neighborhood. The nodal cubic with a Gm-action provides an example 
where there does not exist a Gm-invariant affine open cover. Theorem 12.41 was also 
known if X is a quasi-projective scheme |Bril3[ Thm. 1.1( iii)] or if X is a smooth, 
proper, tame and irreducible Deligne-Mumford stack, whose generic stabilizer is 
trivial and whose coarse moduli space is a scheme |Skol31 Prop. 3.2]. We can also 
prove: 

Theorem 2.6. Let X be a quasi-separated algebraic space, locally of finite type over 
k, with an action of an affine group scheme G of finite type over k. Let x G X{k) 
be a point with linearly reductive stabilizer Gx- Then there exists an affine scheme 
W with an action of G and a G-equivariant etale neighborhood W ^ X of x. 

This is a partial generalization of another result of Sumihiro [Sum74[ Lemma. 8], 
[Sum751 Thm. 3.8]. He proves the existence of an open G-equivariant covering by 
quasi-projective subschemes when X is a normal scheme and G is connected. 


2.4. Bialynicki-Birula decompositions. In Opr06[ Prop. 5], Oprea proved the 


existence of a Bialynicki-Birula decomposition |BB73| for a smooth Deligne-Mumford 
stack X with a Gm-action provided that there exists a Gm-equivariant, separated. 


etale atlas SpecH X. Therefore, Theorem 12.51 implies: 


Theorem 2.7. Let X be a smooth, proper Deligne-Mumford stack over k with sep¬ 
arated diagonal, equipped with a Gm-action. Let T = UiTi be the decomposition of 
the fixed substack into connected components. Then X decomposes into disjoint, lo¬ 
cally closed, Gm-equivariant substacks X^ which are Gm-equivariant affine fibrations 
over 3^i. 

This is proven in [Skol31 Thm. 3.5] under the additional assumptions that X is 
tame, and the coarse moduli space of X is a scheme. See also Section 12.111 for a 
similar statement due to Drinfeld for algebraic spaces with a Gm-action. 


2.5. Existence of equivariant versal deformations of curves. By a curve, we 
mean a proper scheme over k of pure dimension one. 

Theorem 2.8. Let C be an n-pointed curve. Suppose that every connected compo¬ 
nent of C is either reduced of arithmetic genus g f 1 or contains a marked point. 
Suppose that a linearly reductive group scheme H acts on C. If kxA(C) is smooth, 
then there exist an affine scheme W of finite type over k with an action of H fixing 
a point w &W and a miniversal deformation 

-G 

□ 

ITSpec A: 

of G = Gu) such that there exists an action of H on the total family G compatible 
with the action of H onW and Gw. 


The theorem above was proven for Deligne-Mumford semistable curves in [AK14) . 
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2.6. Good moduli spaces. In the following result, we determine the etale-local 
structure of good moduli space morphisms. 


Theorem 2.9. Let "X be a locally noetherian algebraic stack over k. Suppose there 
exists a good moduli space X such that the moduli map tt : X — ^ X is of finite type 
with affine diagonal. IfxG X(fc) is a closed point, then there exists an affine scheme 
Spec A with an action of Gx and a cartesian diagram 


[SpecA/G^]->X 


□ 


TT 


Spec ^//Gx -> X 


such that Spec A//Gx X is an Stale neighborhood ofir^x). 

The following corollary answers negatively a question of Geraschenko-Zureick- 
Brown [GZ121 Qstn. 32]: does there exist an algebraic stack, with affine diagonal 
and good moduli space a field, that is not a quotient stack? In the equicharacteristic 
setting, this result also settles a conjecture of theirs: formal GAGA holds for good 
moduli spaces with affine diagonal [GZ121 Gonj. 28]. The general case will be 
treated in forthcoming work. 

Corollary 2.10. Let X be a noetherian algebraic stack over a field k (not assumed 
to be algebraically closed) with affine diagonal. Suppose there exists a good moduli 
space tt: X —)• Speci? of finite type, where (i?,m) is a complete local ring. 

(1) Then X = [Spec i?/GL„]; in particular, X has the resolution property; and 

(2) the natural functor 

Coh(X) ^imCoh(X XspecR Spec 
is an equivalence of categories. 

Remark 2.11. If k is algebraically closed, then in (1) above, X is in fact isomorphic 
to a quotient stack [SpecA/Ga,] where Gx is the stabilizer of the unique closed 
point. 


2.7. Existence of coherent completions. Let X be a noetherian algebraic stack 

[nl 

with affine stabilizers and Z C X be a closed substack. Denote by X^ the nth 
nilpotent thickening of Z C X. We say that X is coherently complete along Z if the 
natural functor 

Coh(X) lmCoh(X^') 

n 

is an equivalence of categories. When jZj consists of a single point x, we say that 
(X, x) is a complete local stack if X is coherently complete along the residual gerbe 
9x- See Section [XT] for more details on coherent completion. The next result asserts 
that the coherent completion always exists under very mild hypotheses. 


Theorem 2.12. LetX be a quasi-separated algebraic stack, locally of finite type over 
k, with affine stabilizers. For any point x S X(fc) with linearly reductive stabilizer 
Gx, there exists a complete local stack {Xx,x) and a morphism 77 : (Xx,x) {X,x) 
inducing isomorphisms of nth infinitesimal neighborhoods of x and x. The pair 
{Xx,r/) is unique up to unique 2-isomorphism. 

We call Xx the coherent completion of X at x. If W = [SpecA/Ga,] — > X is an 
etale morphism as in Theorem II.21 and tt: W ^ W = Spec A<=^» is the good moduli 
space of W, then 

Xa; = W Xrv ^Tr(x) = 'W Xw Spec A^^’. 
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That is, Xa; = [Spec B / Gx] where B = and denotes the completion 

at tt{x) ('Theorem 11.31) . In particular, B'^ —B is of finite type and B^^ is the 
completion of an algebra of finite type over k. 

The henselization ofX at x is the stack = W Xvi/Spec(A‘^“’)^. This stack also 
satisfies a universal property (initial among pro-etale neighborhoods of the residual 
gerbe at x) and will be treated in forthcoming work. 

2.8. Etale-local equivalences. Before we state the next result, let us recall that 
if X is an algebraic stack, locally of finite type over k, and x € X(fc) is a point, then 
a formal miniversal deformation space of x is a formal affine scheme Def (x) together 
with a formally smooth morphism Def (x) —^ X which is an isomorphism on tangent 
spaces. If the stabilizer group scheme Gx is smooth and linearly reductive, Def(x) 
inherits an action of Gx- 


Theorem 2.13. Let X and y be quasi-separated algebraic stacks, locally of finite 
type over k, with affne stabilizers. Suppose x S X{k) and y € y{k) are points with 
smooth linearly reductive stabilizer group schemes Gx and Gy, respectively. Then 
the following are equivalent: 

(1) There exist an isomorphism Gx —> Gy of group schemes and an isomor¬ 
phism Def(x) Def(?/) of formal miniversal deformation spaces which is 
equivariant with respect to Gx —>■ Gy. 

(2) There exists an isomorphism Xx -^^y- 

(3) There exist an affne scheme Spec A with an action of Gx, a point w £ 
Spec A fxed by Gx, and a diagram of etale morphisms 


[Spec A/Gj,] 


X 




y 


such that f{w) = x and g{w) = y, and both f and g induce isomorphisms 
of stabilizer groups at w. 

If additionally x £ |X| and y G \y\ are smooth, then the conditions above are 
equivalent to the existence of an isomorphism Gx —^ Gy of group schemes and an 
isomorphism Tx,x of tangent spaces which is equivariant under Gx —>■ Gy. 


Remark 2.14. If the stabilizers Gx and Gy are not smooth, then the theorem above 
remains true (with the same argument) if the formal miniversal deformation spaces 
are replaced with flat adic presentations (Definition IA.2I) and the tangent spaces 
are replaced with normal spaces. 


2.9. Characterization of when X admits a good moduli space. Using the 
existence of completions, we can give an intrinsic characterization of those algebraic 
stacks that admit a good moduli space. 

We will need one preliminary definition. We say that a geometric point y : Spec I —>■ 
X is geometrically closed if the image of (y,id): Spec / —>■ X / is a closed point 
of |XXfe/|. 

Theorem 2.15. LetX be an algebraic stack, locally offnite type overk, with affne 
diagonal. Then X admits a good moduli space if and only if 

(1) For every point y £ X{k), there exists a unique closed point in the closure 

{y}- 

(2) For every closed point x £ X(fc), the stabilizer group scheme Gx is linearly 
reductive and the morphism X^, —> X from the coherent completion of X at 
X satisfes: 
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(a) The morphism ^ Ti is stabilizer preserving at every point; that is, 
Xx ^ X induces an isomorphism of stabilizer groups for every point 
£, S IXa;!- 

(b) The morphism Xx ^ X maps geometrically closed points to geometri¬ 
cally closed points. 

(c) The map Xx{k) —> X(k) is injective. 

Remark 2.16. The quotient [P^/Gm] (where Gm acts on via multiplication) does 
not satisfy O- If X = [X/Z 2 ] is the quotient of the non-separated affine line X 
by the Z 2 -action which swaps the origins (and acts trivially elsewhere), then the 
map Specfc[[a;]] = Xq —X from the completion at the origin does not satisfy (l2a)) . 
If X = [(A^ \ 0)/Gm] where Gm-acts via t ■ {x,y) = {x,ty) and p = (0,1) G |X|, 
then the map SpecA:[[a;]] = Xp —>• X does not satisfy (l2bl) . If X = [C/Gm] where 
C is the nodal cubic curve with a G^-action and p G |X| denotes the image of the 
node, then [Spec(fc[a;,?/]/a:?/)/Gm] = Xp —>• X does not satisfy (1^ . (Here Gm acts 
on coordinate axes via t ■ {x,y) = {tx,t~^y).) These pathological examples in fact 
appear in many natural moduli stacks; see [AFSvldl Appendix A]. 

Remark 2.17. Consider the non-separated affine line as a group scheme G —)■ 
whose generic fiber is trivial but the fiber over the origin is Z 2 . In this case (Eal) is 
not satisfied. Nevertheless, the stack quotient X = [A^/G] does have a good moduli 
space A = A^ but X X has non-separated diagonal. 

Remark 2.18. When X has finite stabilizers, then conditions O, 120 and (l 2 cl) are 
always satisfied. Condition (I2a1) is satisfied if and only if the inertia stack is finite 
over X. In this case, the good moduli space of X coincides with the coarse space of 
X, which exists by [KM97] . 

2.10. Algebraicity results. In this subsection, we fix a field k (not necessarily 
algebraically closed), an algebraic space S locally of finite type over k, and an 
algebraic stack W of finite type over S with affine diagonal over S such that W —>■ S 
is a good moduli space. We prove the following algebraicity results. 

Theorem 2.19 (Stacks of coherent sheaves). The S-stack Coh y,/o. whose objects 
over S' ^ S are finitely presented quasi-coherent sheaves on W x s S' flat over S', 
is an algebraic stack, locally of finite type over S, with affine diagonal over S. 

Corollary 2.20 (Quot schemes). If X is a quasi-coherent Oy^-module, then the 
S-sheaf Quot ^^,^g(lF), whose objects over S' ^ S are quotients p\'J S (where 
Pi: WxsS' -^W) such that 9 is a finitely presented quasi-coherent Oy^^sS'-ixiodule 
flat over S', is a separated algebraic space over S. If X is of finite presentation, 
then Quot .'„ / e(T) is locally of finite presentation. 

Corollary 2.21 (Hilbert schemes). The S'-s/teaf Hilb -'y /o. whose objects over S' —>■ 
S are closed substacks Z C W X 5 S" such that Z is flat and locally of finite presen¬ 
tation over S, is a separated algebraic space locally of finite type over S. 

Theorem 2.22 (Horn stacks). Let X be a quasi-separated algebraic stack, locally 
of finite type over S with affine stabilizers. If W ^ S is flat, then the S-stack 
Hom clW, X). whose objects are pairs consisting of a morphism S' ^ S of alge¬ 
braic spaces and a morphism W x s S" —>■ X of algebraic stacks over S, is an alge¬ 
braic stack, locally of finite type over S, with quasi-separated diagonal. If X ^ S 
has affine (resp. quasi-affine, resp. separated) diagonal, then the same is true for 
Homc. fW.Xl ^ S'. 

Variants of the above results were considered in |HLP14[ Thm. 1.6]. We also 
prove the following, which we have not seen in the literature before. 
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Corollary 2.23 (G-equivariant Horn sheaves). Let W, X and S be quasi-separated 
algebraic spaces, locally of finite type over k. Let G be a linearly reductive affine 
group scheme acting on W and X. Let W ^ S and X ^ S be G-invariant 
morphisms. Suppose that W ^ S is flat and a good GIT quotient. Then the S- 
sheaf Honi y fVF. X~). whose objects over S' ^ S are G-equivariant S-morphisms 
W X s S' ^ X, is a quasi-separated algebraic space, locally of finite type over S. 

2.11. Drinfeld’s results on algebraic spaces with Gm-actions. Let Z be a 

quasi-separated algebraic space, locally of finite type over a field k (not assumed 
to be algebraically closed), with an action of Gm- Define the following sheaves on 
Sch/fc: 

:= (Spec k, Z) (the fixed locus) 

2 ’“'' := Hpm'^”*(A^, 2 ) (the attractor) 

where Gm acts on by multiplication, and define the sheaf 2 on Sch/A^ by 

2 := Hom^r(A^2 X A^) 

where Gm acts on A^ via t ■ (x,y) = (tx,t~^y) and acts on A^ trivially, and the 
morphism A^ —>■ A^ is defined by (x, y) i—> xy. 

Theorem 2.24. [Dril31 Prop. 1.2.2, Thm. 1.4.2 and Thm. 2.2.2] With the hypothe¬ 
ses above, Z^, Z'^ and 2 are quasi-separated algebraic spaces locally of finite type 
over k. Moreover, the natural morphism Z'^ ^ Z is a closed immersion, and the 
natural morphism Z'^ 2 ° obtained by restricting to the origin is affine. 

The algebraicity follows directly from Corollarv l2.23l The final statements follow 
from Theorem 12.41 above and Lemma 15.81 proved in Section 15.121 

2.12. The resolution property holds etale-locally. 

Theorem 2.25. Let X be a quasi-separated algebraic stack, of finite type over a 
perfect (resp. arbitrary) field k, with affine stabilizers. Assume that for every closed 
point X € |X|, the unit component Gf of the stabilizer group scheme Gx is linearly 
reductive. Then there exists 

(1) a finite field extension k'/k; 

(2) a linearly reductive group scheme G over k'; 

(3) a k'-algebra A with an action of G; and 

(4) an Stale (resp. quasi-finite flat) surjection p: [SpecA/G] —>■ X. 

Moreover, 

(a) If X has affine diagonal, then p can be arranged to be affine. 

(b) We can replace G with GL„ (which is linearly reductive in characteristic 
zero). 

A stack of the form [SpecA/GL„] has the resolution property, that is, every 
coherent sheaf is a quotient of a vector bundle |Tot04] . Although we do not know 
if X has the resolution property, we conclude that X has the resolution property 
etale-locally. In |Rydl5| Def. 2.1], an algebraic stack X having the resolution prop¬ 
erty locally for a representable (resp. representable and separated) etale covering 
p: W —>■ X is said to be of global type (resp. s-global type). Thus, if X has linearly 
reductive stabilizers at closed points and affine diagonal, then X is of s-global type. 

Geraschenko and Satriano define toric Artin stacks in terms of stacky fans. They 
show that a stack X is toric if and only if it is normal, has affine diagonal, has an 
open dense torus T acting on the stack, has linearly reductive stabilizers, and [X/T] 
is of global type |GS15l Thm. 6.1]. If X has linearly reductive stabilizers at closed 
points, then so has [X/T]. Theorem 12.251 thus shows that the last condition is 
superfluous. 
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2.13. Compact generation of derived categories. For results involving de¬ 
rived categories of quasi-coherent sheaves, perfect (or compact) generation of the 
unbounded derived category DQCoh(llf) continues to be an indispensable tool at one’s 
disposal |Nee961 iBZFNlOj . We prove: 

Theorem 2.26. LetX be an algebraic stack of finite type over afield k (not assumed 
to be algebraieally elosed) with affine diagonal. If the stabilizer group Gx has linearly 
reductive identity component G° for every closed point of X, then 

(1) DQCoh(X) is eompaetly generated by a eountable set of perfect complexes; 
and 

(2) for every open immersion 11 C X, there exists a compact and perfect complex 
P S DQCoh(X) with support precisely X \ U. 

Theorem l2.26l was previously only known for stacks with finite stabilizers |HI} 14cl 
Thm. A] or quotients of quasi-projective schemes by a linear action of an algebraic 
group in characteristic 0 [BZFNlOl Cor. 3.22]. 

In positive characteristic, the theorem is almost sharp: if the reduced identity 
component is not linearly reductive, i.e., not a torus, at some point x, then 

DQCoh(X) is not compactly generated [FINR141 Thm. 1.1]. 

If X is an algebraic stack of finite type over k with affine stabilizers such that 
either 

( 1 ) the characteristic of k is 0 ; or 

( 2 ) every stabilizer is linearly reductive; 

then X is concentrated, that is, a complex of Ox-modules with quasi-coherent coho¬ 
mology is perfect if and only if it is a compact object of DQCoh(X) |HR14a[ Thm. C]. 
If X admits a good moduli space tt : X —^ A with affine diagonal, then one of the 
two conditions hold by Theorem l2.9l If X does not admit a good moduli space and 
is of positive characteristic, then it is not sufficient that closed points have linearly 
reductive stabilizers as the following example shows. 

Example 2.27. Let X = [A/Gm x Z 2 ] be the quotient of the non-separated affine 
line A by the natural Gm-action and the Z 2 -action that swaps the origins. Then 
X has two points, one closed with stabilizer group Gm and one open point with 
stabilizer group Z 2 . Thus if k has characteristic two, then not every stabilizer 
group is linearly reductive and there are non-compact perfect complexes |HR I4al 
Thm. Cj. 

3. Coherently complete stacks and the Tannakian formalism 

3.1. Coherently complete algebraic stacks. We now prove Theorem 11.31 

Proof of Theorem \l.,Ii Let m C A be the maximal ideal corresponding to x. A 
coherent Ox-module T corresponds to a finitely generated A-module M with an 
action of G. Note that since G is linearly reductive, is a finitely generated 
module. We claim that the following two sequences of A'^-submodules {(m"M)^} 
and of define the same topology, or in other words that 

(3.1) l^M‘^/(m"M)‘^ 

is an isomorphism of A^^-modules. 

To this end, we first establish that 

(3.2) f|(m"M)'' = 0, 

n>0 

which immediately informs us that (13.11) is injective. Let N = nn>o . Krull’s 
intersection theorem implies that N A/m = 0. Since A'^ is a local ring, Spec A 
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has a unique closed orbit {x}. Since the support of is a closed G-invariant 
subscheme of Spec A which does not contain x, it follows that N = 0. 

We next establish that (inD is an isomorphism if A'^ is artinian. In this case, 
automatically satisfies the Mittag-Leffler condition (it is a sequence of 
artinian ^‘^-modules). Therefore, taking the inverse limit of the exact sequences 
0 ^ —>• —>• 0 and applying (13.21) . yields an exact 

sequence 

0^0^ ^ 0 . 

Thus, we have established (EU when is artinian. 

To establish (EH) in the general case, let J = C A and observe that 

( 3 . 3 ) = = ]^{M/J^M)^. 

For each n, we know that 

( 3 . 4 ) = ]^M^/{{J^+m^)M)^ 

I 

using the artinian case proved above. Finally, combining EH and (EH together 
with the observation that J” C for n > I, we conclude that 

= lm(M/J"M)‘^ 

n 

= ^^M'^/((J" + m')M)'^ 

n I 

I 

We now show that EH is fully faithful. Suppose that S and T are coherent 
Ox-modules, and let and Jn denote the restrictions to Xl”), respectively. We 
need to show that 

Hom(g,T) ^m Hom(9n,?'n) 

is bijective. Since X satisfies the resolution property, we can find locally free Ox- 
modules £' and £ and an exact sequence 

£' ^ £ ^ g ^ 0 . 

This induces a diagram 

0-5- Hom(g, T)-Hom(£, T)-Hom(£', T) 

''II 

0 - ^m Hom(g„,T„)-^ ^Hom(£„,T„)- ^m Hom(£(, ,T„) 

with exact rows. Therefore, it suffices to assume that 9 is locally free. In this case, 
Hom(g,T) = Hom(0x,9'^ ® X) and Hom(g„, T„) = Hom(0xH, (9)1 (g) T„)). 

Therefore, we can also assume that 9 = Ox and we need to verify that the map 

r(x,T) ^i^r(x[’"i,T„) 

is an isomorphism, but this is precisely the isomorphism from EH, and the full 
faithfulness of EH follows. 

We now prove that the functor EH is essentially surjective. Since X has 
the resolution property, there is a vector bundle £ on X together with a surjec¬ 
tion 00: £ “^ 5^0 • We claim that 0o lifts to a compatible system of morphisms 
0„: £ —>■ for every n > 0. It suffices to show that for n > 0, the natural map 
Hom(£, T„+i) —>■ Hom(£, T„) is surjective but this is clear as Ext^(£, m^+^Tn+i) = 
0 since £ is locally free and G is linearly reductive. By Nakayama’s Lemma, 











14 


J. ALPER, J. HALL, AND D. RYDH 


each (j)n is surjective. It follows that we obtain an induced morphism of systems 
{(/)„}: {£«} —>■ {Ibn}- Applying this procedure to {ker((/)„)} (which is not necessar¬ 
ily an adic system), there is another vector bundle IK and a morphism of systems 
{'ipn}- {1K„} —>■{£„} such that coker(■!/)„) = By the full faithfulness of (II.1|) . 
the morphism {ipn} arises from a unique morphism : df —> £. Letting IL = coker -ip, 
the universal property of cokernels proves that there is an isomorphism 3^^ — 
the result follows. □ 

Remark 3.1. In this remark, we show that with the hypotheses of Theorem 11.31 
the coherent Ox-module 3 extending a given system {3n} G limCoh(X["!) can in 
fact be constructed explicitly. Let L denote the set of irreducible representations 
of G with 0 G r denoting the trivial representation. For p G F, we let Vp be the 
corresponding irreducible representation. For any G-representation V, we set 

®Vp. 

Note that V = 0pgr that is the subspace of invariants. 

In particular, there is a decomposition A = The data of a coherent 

Ox-module 3 is equivalent to a finitely generated A-module M together with a 
G-action, i.e., an A-module M with a decomposition M = 0pgrAI^^\ where each 
is a direct sum of copies of the irreducible representation V),, such that the A- 
module structure on M is compatible with the decompositions of A and M. Given 
a coherent Ox-module 3 = M and a representation p G F, then is a finitely 

generated A'^-module and 

is an isomorphism (which follows from (13.11) 1. 

Conversely, given a system of {T„ = G limCoh(X["]) where each is a 
finitely generated A/m"“''^-module with a G-action, then the extension 3 = M can 
be constructed explicitly by defining; 

:= lim and M := 0 

per 

One can show directly that each is a finitely generated A'^-module, M is a 
finitely generated A-module with a G-action, and = Mn- 

Remark 3.2. Theorem [T3] also implies that every vector bundle on X is the pullback 
of a G-representation under the projection X —> BG. In particular, suppose that 
G is a diagonalizable group scheme. Then using the notation of Remark 1 3. 11 every 
irreducible G-representation p G F is one-dimensional so that a G-action on A 
corresponds to a F-grading A = 0pgpA*^'’\ and an A-module with a G-action 
corresponds to a F-graded A-module. 

Therefore, ii A = 0pgr is a F-graded noetherian fc-algebra with a com¬ 

plete local fc-algebra, then every finitely generated projective F-graded Al-module 
is free. When G = Gm and A^ = fc, this is the well known statement (e.g., 
|Eis95l Thm. 19.2]) that every finitely generated projective graded module over a 
Noetherian graded /c-algebra A = 0(j>Q Ad with Aq = k is free. 

The theorem above motivates the following definition: 

Definition 3.3. Let X be a noetherian algebraic stack with affine stabilizers and 
let 2, C X be a closed substack. We say that X is coherently complete along 2 if the 
natural functor 

Coh(X) ^ ImCoh(xAl) 

n 
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is an equivalence of categories. 

Remark 3.4. If (A, m) is complete local noetherian ring, then Spec A is coherently 
complete along Spec A/m, and more generally if an algebraic stack X is proper 
over Spec A, then X is coherently complete along X XspecA Spec A/m. See |EGA1 
III.5.1.4] for the case of schemes and [OlsOSl Thm. 1.4], [ConOSl Thm. 4.1] for 
algebraic stacks. Theorem 11.31 concludes that X is coherently complete along BG. 

3.2. Tannakian formalism. The following Tannaka duality theorem proved by 
the second and third author is crucial in our argument. 

Theorem 3.5. |HR14bl Thm. 1.1] Let X be an excellent stack and y be a noetherian 
algebraic stack with affine stabilizers. Then the natural functor 

Hom(X,'y) —> Hom„gi,~(Coh(y), Coh(X)) 

is an equivalence of categories, where Homr 0 _~(Coh(y), Coh(X)) denotes the cate¬ 
gory whose objects are right exact monoidal functors Coh(y) -A Coh(X) and mor- 
phisms are natural isomorphisms of functors. 

We will apply the following consequence of Tannakian duality: 

Corollary 3.6. Let X be an excellent algebraic stack with affine stabilizers and 
Z G X be a closed substack. Suppose that X is coherently complete along Z. If y is 
a noetherian algebraic stack with affine stabilizers, then the natural functor 

Hom(X, y) ^ ^ Hom(X^', y) 

n 

is an equivalence of categories. 

Proof. There are natural equivalences 

Hom(X, y) ~ Homj. 0 ,~(Coh(y), Coh(X)) (Tannakian formalism) 

~ Homn>^.~(Coh(y), 1 /mCohfxj/^)) (coherent completeness) 

~ /imHomr(gi,~(Coh(y), Coh(X^^)) 

~ limHom(X^^, y) (Tannakian formalism). □ 

4. Proofs of Theorems 11.11 and 11.21 

4.1. The normal and tangent space of an algebraic stack. Let X be a quasi- 

separated algebraic stack, locally of finite type over a field k, with affine stabilizers. 
Let X G X(fc) be a closed point. Denote by i: BGx X the closed immersion 
of the residual gerbe of x, and by 3 the corresponding ideal sheaf. The normal 
space to X is '.= = (**J)^ viewed as a G^-representation. The tangent 

space Tx,x to X at x is the fc-vector space of equivalence classes of pairs (r, a) 
consisting of morphisms r: Specfc[e]/e^ —>■ X and 2-isomorphisms a: x ^ Tjspecfe- 
The stabilizer Gx acts linearly on the tangent space Tx^x by precomposition on 
the 2-isomorphism. If Gx is smooth, there is an identification Tx,x — Nx of Gx- 
representations. Moreover, if X = [W/G] is a quotient stack where G is an algebraic 
group and x G X{k) (with Gx not necessarily smooth), then Nx is identified with 
the normal space Tx,x/Tg.x,x to the orbit G • x aX x. 

4.2. The smooth case. We now prove Theorem ll.ll even though it follows directly 
from Theorem [T2] coupled with Luna’s fundamental lemma [Lnn731 p. 94]. We feel 
that since the proof of Theorem 11.11 is more transparent and less technical than 
Theorem 11.21 digesting the proof first in this case will make the proof of Theorem 
O more accessible. 
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Proof of Theorem \l.l\ Define the quotient stack ]Nf = \Nx/Gx\, where is viewed 
as an affine scheme via Spec(Sym Since Gx is linearly reductive, we claim 

that there are compatible isomorphisms . 

To see this, first note that we can lift X^^’l = BGx to a unique morphism 
tn : Xl”! —>■ BGx for all n: the obstruction to a lift from : Xl"] —>■ BGx to 
tn+i : X[”+^l —> BGx is an element of the group Extg^^^ {LsOx/k^ |Ols06) 

which is zero since BGx is cohomologically affine and L^G^/k is a perfect complex 
supported in degrees [0,1] since BGx —> Specfc is smooth. 

In particular, BGx = X^^l ^ X^^l has a retraction. This implies that X^^l = 
since both are trivial deformations by the same module. Since AT —>■ BGk is smooth, 
the obstruction to lifting the morphism X^^l = ^ iNf to Xi"! —>■ IN' vanishes as 

H^{BGx,^^/qq^ 0 = 0. We have induced isomorphisms Xi"! = by 

Proposition IA.5I (HJ . 

Let iNl iV = NxHGx be the good moduli space and denote by 0 S iV the image 
of the origin. Set IN' := Spec Oat^q x at IN'. Since IN' is coherently complete (Theorem 
ll.3|l . we may apply the Tannakian formalism ICorollarv 13.611 to find a morphism 
IN' —X filling in the diagram 



Spec Oat.o-^ 


Let us now consider the functor F : Sch/A^ -A Sets which assigns to a morphism 
S ^ N the set of morphisms S' XatAT —>■ X modulo 2-isomorphisms. This functor is 
locally of finite presentation and we have an element of F over Spec On,o- By Artin 
approximation [Art69al Cor. 2.2], there exist an etale morphism {U,u) —>■ {N,0) 
where U is an affine scheme and a morphism {U x at IN', (u, 0)) —?> (X, x) agreeing with 
(AT, 0) —>• (X, x) to first order. Since X is smooth at x, it follows that C/ x at IN' —> X is 
etale at (m, 0) by Pronosition lA.SI (1^. This establishes the theorem after shrinking 
U suitably; the final statement follows from Proposition 14.21 □ 

4.3. The general case. We now prove Theorem 11.21 bv a similar method to the 
proof in the smooth case but using Corollary I A. 141 in place of Artin approximation. 


Proof of Theorem \1.2i We may assume that x € |X| is a closed point. Let IN' := 
[Nx/H], ^ N := Nx//H, and IN' := Spec Oa/,o Xa/IA where 0 denotes the image of 

the origin. Let tjq : BFI —>■ BGx = Xl^l be the morphism induced from the inclusion 
H C Gx', this is a smooth (resp. etale) morphism. We first prove by induction that 
there are compatible 2-cartesian diagrams 


IK„ 


■IK. 


n+1 


Vn 


□ 


Vn-{-l 

I 


XH c-^ Xl^+il, 


where IKo = BH and the vertical maps are smooth (resp. etale). Indeed, given 
r]n : IK„ —>■ X[”l, by |Ols06) . the obstruction to the existence of ? 7 n+i is an element of 
Extog^(r2B/A/BG^,77Q(IJ"/J"+^)), but this group vanishes as FI is linearly reductive 
and ftsH/BOx is ^ vector bundle. 

Let To : IKq = BH IN'. Since H is linearly reductive, the deformation IKo ^ 
is a trivial extension by N and hence we have an isomorphism ti : IKi = (see 
proof of smooth case). Using linearly reductivity of H once again and deformation 
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theory, we obtain compatible morphisms r„: ^ extending rg and ti . These 

are closed immersions by Proposition IA.5I ([1]). 

The closed embeddings ^ IN' factor through IN' so that we have a compatible 
family of diagrams 

5f„ c— 

Vn 

i 

XW-> X. 

Since N is coherently complete, there exists a closed immersion df ^ ]Nf extending 
"Kn ^ Since Jf is also coherently complete, the Tannakian formalism yields a 
morphism ry: 5f —>■ X extending r]n' —>■ X["l. By Proposition IA.91 M ^ X is 
formally versal (resp. universal). Also note that df ^ SpecOvr^o is of finite type. 
We may therefore apply Corollary I A. 141 to obtain a stack df = [Spec A/i/] together 
with a morphism /: (df, w) —>■ (X, x) of finite type and a flat morphism <p: J-C —>■ J-C, 
identifying Jf with the completion of Jf at w, such that f o tp = rj. In particular, 
/ is smooth (resp. etale) at w. Moreover, (/ o (^)“i(X[°l) = JfM so we have a 
flat morphism BH = f~^{BGx) which equals the inclusion of the residual 

gerbe at w. It follows that w is an isolated point in the fiber f~^{BGx)- We can 
thus find an open neighborhood W C 5f of rc such that W X is smooth (resp. 
etale) and W fl f~^{BGx) = BH. Since w is a closed point of IK, we may further 
shrink W so that it becomes cohomologically affine ('Lemma l4.ll) . 

The final statement follows from Proposition 14.21 □ 

4.4. The refinement. The following trivial lemma will be frequently applied to 
a good moduli space morphism tt: X —)► A. Note that any closed subset Z C X 
satisfies the assumption in the lemma in this case. 

Lemma 4.1. Let tt: X —>■ A be a elosed morphism of topologieal spaces and let 
Z C X fee a closed subset. Assume that every open neighborhood of Z contains 
7r“^(7r(Z)). If Z Q li is an open neighborhood of Z, then there exists an open 
neighborhood U' C X of tt{Z) such that C U. 

Proof. Take U' = X \ 7r(X \ U). □ 

Proposition 4.2. Let /: "W —)■ X fee a morphism of noetherian algebraic stacks 
such that W is cohomologically affine with affine diagonal. Suppose w £ jWj is a 
closed point such that f induces an injection of stabilizer groups at w. 

(1) If there exists an affine and faithfully flat morphism of finite type X' —^ X 
such that X' has quasi-finite and separated diagonal, then there exists a 
cohomologically affine open neighborhood U C W of w such that f\u is 
quasi-compact, representable and separated. 

(2) If X has affine diagonal, then there exists a cohomologically affine open 
neighborhood 11 C W of w such that f\u is affine. 

Proof. We first establish O- By shrinking W, we may assume that A-^y/x is quasi- 
finite and after further shrinking, we may arrange so that W remains cohomologi¬ 
cally affine (Lemma 14.ip . Let W' = X' x x W and let f: W' X' be the induced 
morphism. Then W' is cohomologically affine with quasi-finite and affine diagonal. 
By applying |AlpI3[ Prop. 6.4] to A-w', we obtain that A-w' is finite. Since X' 
has separated diagonal, it follows that /': W' —>■ X' is separated. By descent, / 
is separated. In particular, the relative inertia of /, i: Iw/x is finite. By 

Nakayama’s lemma, there is an open substack 11 of W, containing w, with trivial 
inertia relative to X. Thus 11 —)■ X is quasi-finite, representable and separated. 
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Shrinking U appropriately, U also becomes cohomologically afRne and the claim 
follows. 

For (O , by ((D) we may assume that / is representable and separated. Since W is 
cohomologically affine and Ax is affine, it follows that / is cohomologically affine. 
But cohomologically affine, quasi-compact, representable and separated implies that 
/ is affine (Serre’s Criterion |Alpl3[ Prop. 3.3]). □ 

Note that the condition in ([T]) implies that Ax is quasi-affine. It is possible that 
the condition in o can be replaced by this weaker condition. 

5. Proofs of Applications 
We now prove the results stated in Sj2] 

5.1. Generalization of Sumihiro’s theorem. We first establish Theorems [ 131 - 
12.61 since they will be used to establish Theorem 12.11 

Proof of Theorem \2.4\ Let ^ = [X/T] and y G y(fc) be the image of x. As the 
sequence (ED splits, we can consider as a subgroup of Gy. By applying Theorem 
O to y at ?/ with respect to the subgroup C Gy, we obtain a smooth (resp. 
etale) morphism /: [kF/T^,] y, where W is an affine scheme with an action of 
Tx, which induces the given inclusion C Gy at stabilizer groups at a preimage 
w G \W/Tx\ of y. Consider the cartesian diagram 

[W/Tx] Xy X-^ X-^ Spec k 

I I 

[W/Tx] -^ y-> BT 

The map [W/Tx] ^ BT induces the injection Tx ^ T on stabilizers groups 
at w. Thus, by Proposition 14.21 (El) . there is an open neighborhood It C [W/Tx] of 
w such that It is cohomologically affine and It BT is affine. The fiber product 
X X y 11 is thus an affine scheme Spec A and the induced map Spec A —^ X is 
T-equivariant. If it G Spec A is a closed point above w and x, then the map 
Spec A —>■ X induces an isomorphism Tx Tx of stabilizer groups at u. □ 

Proof of Theorem \2.5\ In the exact sequence (12.11) . Gx is etale and Tx is diagonal- 
izable. This implies that (Gy)^ is diagonalizable. Indeed, first note that we have 
exact sequences: 

1 Gx n (Gy)® —>■ (Gy)^ —> (Tx)^ —> 1 

1 ^ Gx n (Gy)° -)• (Gy)°gd ->• ('Ti;)red 1 

The second sequence shows that (Gy)®^^ is a torus (as it is connected, reduced 
and surjects onto a torus with finite kernel) and, consequently, that Gx H (Gy)^ 
is diagonalizable. It then follows that (Gy)^ is diagonalizable from the first se¬ 
quence |SGA3ii[ Exp. 17, Prop. 7.1.1 b)]. 

Theorem 11.21 produces an etale neighborhood /: ([Spec A/(Gy)®],ic) —> (y,y) 
such that the induced morphism on stabilizers groups is {Gy)^ Gy. Replacing 
X —>■ y with the pull-back along /, we may thus assume that Gy is connected and 
diagonalizable. 

If we let Gy = D{N), Tx = D{M) and T = DlTT), then we have a surjective 
map q: IT ^ M and an injective map tp: M ^ N . The quotient N/M is torsion 
but without p-torsion, where p is the characteristic of k. Since all torsion of M and 
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N is p-torsion, we have that (p induces an isomorphism of torsion subgroups. We 
can thus find splittings of ip and q as in the diagram 


Z’' =Z« © M/Mtor 
9=91 ©id 

f 

M =Mtor © M/Mtor ^ 


Q;=id ©V?2 




- z* © N/Ntor= r 

9'=93i9i©id 

i 

Ntor © N/Ntor= N. 


The map q' corresponds to an embedding Gy ^ T and the map a to a reparame¬ 
terization T ^ T. After reparameterizing the action of T on X via a, the surjection 
Gy becomes split. The result now follows from Theorem 12.41 □ 


Proof of Theorem \2.6\ By Theorem ll.21 there exists an etale neighborhood /: (W, w) 
{[X/G\,x) such that W is cohomologically affine, / induces an isomorphism of sta¬ 
bilizers at w, and m is a closed point. By Proposition mm. we can assume after 
shrinking W that the composition W —>■ [X/G] —>■ BG is affine. It follows that 
W = W X A is affine and that kb A is an G-equivariant etale neighborhood 
of X. □ 


5.2. Generalization of Luna’s etale slice theorem. 

Proof of Theorem \2.1\ By applying Theorem 12.61 we can find an affine scheme X' 
with an action of G and a G-equivariant, etale morphism X' —>■ A. This reduces 
the theorem to the case when A is affine which was established in |Lun731 p. 97], 
cf. Remark 12.21 □ 

5.3. Bialynicki-Birula decompositions. Theorem 12 . 71 follows immediately from 
Theorem 12.51 and |Opr06[ Prop. 5]. 

5.4. Existence of equivariant versal deformations for curves. Theorem 12.81 
follows directly from Theorem 11.21 and the following lemma (because the image of 
H in Aut(G) is linearly reductive and BH i?Aut(G) is smooth); 

Lemma 5.1. If {G, {pj}f^i) is an n-pointed proper scheme of pure dimension 1 
over an algebraically closed field k and no connected component o/Gred is a smooth 
unpointed irreducible curve of genus 1, then Aut(G, {pj}) is an affine group scheme 
over k. 

Proof. We first handle the case when G is reduced. Let {C,{pj}f^i,{qj}j^i) be 
the pointed normalization of {G,{pj}). The subgroup K C Aut(G, {pj}) of auto¬ 
morphisms fixing the singular locus of G has finite index, and there is an injective 
homomorphism h: K ^ Aut(G, {pj}, {gj}). As the automorphism group of any 
n-pointed smooth genus g curve with (p, n) (1, 0) is affine, the hypotheses imply 
Aut(G, {pj}, {qj}) is affine. It follows that K is affine and thus Aut(G, {pj})- 
In our argument for the general case, the marked points will not play a role and 
will be dropped from the notation. As Gred G can be factored by square-zero 
closed immersions, by induction, it suffices to verify the following claim: if G —> G is 
a closed immersion of proper curves defined by an ideal sheaf I C Od such that = 
0 and such that Aut(G) is affine, then Aut(ZI) is affine. Let Ki = ker(Aut(G) —>■ 
Aut(G)). Since Aut(G) is affine, it suffices to prove that Ki is affine. Any element 
of Ki induces naturally an automorphism of the coherent Oc-module I = 

Since Autop(3) is affine, it suffices to show that K 2 = ker(Ari —>• Autop(I)) is 
affine. Each element a G K 2 defines naturally an Ou-derivation 


Oc 


s i-A a(s) — s 
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since a is acting trivial on 3 and induces the identity on On- The vector space 
Deroo(Oc,d) is finite dimensional and there is an injective group homomorphism 
K 2 —>■ Deroo(Oc,U), and we conclude that K 2 is affine. □ 

Remark 5.2. From the lemma above, we see that the conclusion of Theorem 12.81 
holds for pointed curves C such that C and every deformation of C has no connected 
component whose reduction is a smooth unpointed irreducible curve of genus 1. 

Remark 5.3. If C —>• S' is a family of curves such that every fiber satisfies the 
hypothesis of Lemma 15.11 then the automorphism group scheme Aut(C/S) —>■ S of 
C over S need not be affine (or even quasi-affine). This even fails for families of 
Deligne-Mumford semistable curves; see |AK14[ §4.1]. 

5.5. Good moduli spaces. 

Proof of Theorem \2.9i We may assume that X = Speci?, where i? is a noetherian 
fc-algebra. By noetherian approximation along k ^ R, there is a finite type k- 
algebra Rq and an algebraic stack Xq of finite type over Spec Rq with affine diagonal. 
We may also arrange that the image xq of x in Xq is closed with linearly reductive 
stabilizer Gx- We now apply Theorem 1 1.2 1 to find a pointed affine etale fc-morphism 
/o: ([Spec Aq/Gx\,vjq) (Xq, ccq) that induces an isomorphism of stabilizers at wq■ 
Pulling this back along Speci? —>■ Speciio, we obtain an affine etale morphism 
/: [SpecA/Ga;] —> X inducing an isomorphism of stabilizers at all points lying 
over the preimage of wq. The result now follows from a generalization of Luna’s 
fundamental lemma |AlplO[ Thm. 6.10]. □ 

Proof of Corollarv \2.1(K By |GZ121 Thm. 1], we have (HJ (E]); thus, it suffices to 
prove O- If R/m = k and k is algebraically closed, then the result follows from 
Theorem 12.91 since GLn/Gx is affine for any embedding Gx ^ GL„. In this case 
© holds even if R is not complete but merely henselian. 

If R/m = k and k is not algebraically closed, then we proceed as follows. Let k be 
an algebraic closure of fc. By |EGA1 Om.10.3.1.3], R = R®kk = .R k' 

is local, noetherian, tfi = m.R is the maximal ideal, R/m = fc, and the induced map 
R/m —>■ R/m coincides with k ^ k. Since each R^k k' is henselian, R is henselian. 
Let X = X R. By the case considered above, X has the resolution property. 
Having the resolution property descends to some Xfc/ = X fc', where fc C fc' C fc 
is a finite extension. Since X^/ —>■ X is finite and faithfully flat, X has the resolution 
property |Grol31 Prop. 4.3(vii)]. 

In general, let K = R/m. Since i? is a complete fc-algebra, it admits a coefficient 
field; thus, it is also a AT-algebra. We are now free to replace fc with K and the 
result follows. □ 

5.6. Existence of coherent completions. Theorem ll. 21 gives an etale morphism 
(W = [Spec A/Ga:], w) ^ (X,a;). If we let tt: W ^ IF = SpecA*^®, then Theorem 
12.121 follows by taking X^, = W Xw Spec Ow. 7 r(u))- Indeed, this stack is coherently 
complete by Theorem 11.31 and the uniqueness follows by the Tannakian formalism 
('Gorollarv l3.6|) . 

5.7. Etale-local equivalences. 

Proof of Theorem \2.13\ The implications (U) => (E|) => (P) are immediate. We 
also have © =>■ © as X^”! = [Def (x) ["1yl"! = [Def(?/)["'1/Gy]. We now 
show that © ^ ®. We are given an isomorphism a: X^, —y^. Let (W = 
[Spec A/Gx], w) —>• (X,a:) be an etale neighborhood as in Theorem 11.21 Let W = 
Spec A*^* denote the good moduli space of W and let wg be the image of w. Then 
Tx = W X w Spec Ow,wo- The functor F: (T —IF) Hom( W x w T, y) is locally of 
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finite presentation. Artin approximation applied to F and a S F(Spec Ovu_u,(,) thus 
gives an etale morphism {W, w') {W,w) and a morphism W' := y<lxwW 

■y such that • is an isomorphism. Since it 

follows that Lp induces an isomorphism W' —> y by Proposition lA.?! After replacing 
W' with an open neighborhood we thus obtain an etale morphism (W', w') (y , y)- 
The final statement is clear from Theorem o □ 

5.8. Characterization of when X admits a good moduli space. 

Proof of Theorem \2.15[ The necessity of the conditions follow from Theorem 12.91 
For the sufficiency, by |AFSvl4l Theorem 4.lj^, it is enough to verify: 

(I) For every closed point x € |X|, there exists an affine etale morphism 

/: ([Spec A/Gx], w) ^ i‘X,x) 

such that for each closed point w' £ [Spec A/Gx], 

(a) / is stabilizer preserving at w' (i.e., / induces an isomorphism of sta¬ 
bilizer groups at w'); and 

(b) f{w') is closed. 

(II) For any point y £ X(fc), the closed substack {y} admits a good moduli 
space. 

We first verify condition (I). Let x £ X(fc) be a closed point. By Theorem ll.21 there 
exist a quotient stack W = [SpecA/Gx] with a closed point w £ |W| and an affine 
etale morphism /: (W,w) —>■ (X, x) such that / is stabilizer preserving at w. As 
the coherent completion of W at u; is identified with X^,, we have a 2-commutative 
diagram 



The subset Qa Q | W| consisting of points ^ £ | W| such that / is stabilizer preserving 
at f is constructible. Since Qa contains every point in the image of X^, —>■ W 
by hypothesis (Eal) . it follows that Qa contains a neighborhood of w. Thus after 
replacing W with an open saturated neighborhood containing w iLemma 14.1|) . we 
may assume that /: W —)■ X satisfies condition (la). 

Let tt: W —>■ VF be the good moduli space of W and consider the morphism 
y X W. For a point f £ |IF|, let £ |W| denote the unique 

point that is closed in the fiber W^. Let Qb C |VF| be the locus of points ^ £ |IF| 
such that 5 (^°) is closed in |(X x kF)j| = |X„(^) |. This locus is constructible. Indeed, 
the subset W° = : ?£|IF|}C|W|is easily seen to be constructible; hence 

so is y(W°) by Chevalley’s theorem. The locus Qb equals the set of points f £ |kF| 
such that y(W°)j is closed which is constructible by |EGA[ IV.9.5.4]. The locus Qb 
contains Spec 0w,7r(tu) by hypothesis (I2bp (recall that X^, = W Xw Spec 0w.7r(u)))- 
Therefore, after replacing W with an open saturated neighborhood of w, we may 
assume that /: W —)• X satisfies condition (Ib). 

For condition (II), we may replace X by {y}. By (P), there is a unique closed 
point X £ {y} and we can find a commutative diagram as in (15.11) for x. By (I2bl) 
we can, since / is etale, also assume that W has a unique closed point. This 
implies that r(W, Ow) = k and X^, = W. By hypothesis (1^ . /: W —>■ X is an 


^The underlying hypotheses in lAFSvljl is that the base field k has characteristic 0 but this 
hypothesis is not necessary. 
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etale monomorphism which is also surjective by hypothesis ©• We conclude that 
/: W ^ X is an isomorphism establishing condition (II). □ 

5.9. The resolution property holds etale-locally. 

Proof of Theorem \2.25[ First assume that k is algebraically closed. Since X is 
quasi-compact, Theorem 11.21 gives an etale surjective morphism q: \Ui/Gi\ 11 • • • 11 
\Un/Gn] —t X where Gi is a linearly reductive group scheme over k acting on affine 
scheme Ui. If we let G = Gi x G 2 x • • • x Gn and let U be the disjoint union of the 
Ui X GjGi, we obtain an etale surjective morphism p: [f//G] ^ X. If X has affine 
diagonal, then we can assume that q, and hence p, are affine. 

For general k, write the algebraic closure fc as a union of its finite subextensions 
k'/k. A standard limit argument gives a solution over some fc'. 

Since G is reductive, the quotient GT„/G is affine for any embedding G ^ GL„. 
Note that [G/G] = [U GLn/GLn] and U GL„ is affine since U x^ GLn U 
is a GL„/G-fibration. □ 

5.10. Compact generation of derived categories. Theorem 12.261 follows im¬ 
mediately from Theorem 12.251 together with |HR14cl Thm. B] (characteristic 0) or 
[HR14al Thm. D] (positive characteristic). 

5.11. Algebraicity results. These will be established using Artin’s criterion, as 
formulated in |Hall4b[ Thm. A]. Consequently, we will need a preparatory result on 
coherence (in the sense of Auslander [Aus66] 1 of the relevant deformation and ob¬ 
struction functors, which will also help with the separation conditions. Throughout 
this subsection, we assume the following: 

• fc is a field (not necessarily algebraically closed); 

• S' is an algebraic space, locally of finite type over fc; and 

• W is an algebraic stack of finite type over fc with affine diagonal that admits 
a good moduli space W ^ S. 

The following proposition is a variant of [Hall4al Thm. C] and [HR,14cl Thm. D]. 

Proposition 5.4. Assume S is an affine scheme. If T* S DQCoh(W) and S* G 
D^ohC^)) the functor 

Homo„ (T-, 9* L^acoh(-)): QCoh(S) ^ QCoh(S) 

is coherent. 

Proof. By Theorem 12.261 DQCoh(W) is compactly generated. Also, the restriction 
of R/*,QCoh: DgCoh CW) -> DQCoh(S) to Dj^f,(W) factors through D+^^(S) |Alpl3[ 
Thm. 4.16(x)]. By |HRI4c[ Cor. 4.19], the result follows. □ 

The following corollary is a variant of [Hall4al Thm. D], whose proof is identical. 

Corollary 5.5. Let 3^ be a quasi-coherent Oy^-module and let S be a coherent Ow 
module. If 5 is flat over S, then the S-vresheaf . .91 whose objects over 

S' ^ S are homomorphisms of O-wxsS'-Tnodules (where Tyg: W xg 

S' ^ W is the projection) is representable by an affine S-scheme. 

Proof. Argue exactly as in the proof of [Hall4a[ Thm. D], but using Proposition 
lOl in place of [Hall4al Thm. C] to deduce that automorphisms, deformations and 
obstructions are coherent. □ 

Proof of Theorem \2.1fh This only requires small modifications to the proof of |Hall4bl 
Thm. 8.1]: the formal GAGA statement of Corollarv l2. 101 implies that formally ver- 
sal deformations are effective and Proposition 15.41 implies that the automorphism, 
deformation and obstruction functors are coherent. Therefore, Artin’s criterion (as 
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formulated in [Hall4bl Thm. A]) is satisfied and the result follows. Corollary 15.51 
implies the diagonal is affine. □ 

Corollaries l2.20l and l2.21l follow immediately from Theorem l2.191 Indeed, the nat¬ 
ural functor Quot.^^g(lF) — Coh y,is quasi-affine by Corollarv l5.5l and Nakayama’s 
Lemma (see |Lie061 Lem. 2.6] for details). 

Proof of Theorem \2.2S[ This only requires small modifications to the proof of |HR14bl 
Thm. 1.2], which uses Artin’s criterion as formulated in |Hall4bl Thm. A]. Indeed, 
using Corollary 12.101 in place of |Ols051 Thm. 1.4] (effectiyity), Proposition 15.41 
in place of [Hall4a[ Thm. C] (coherence) and Corollary 15.51 in place of |Hall4a[ 
Thm. D] (conditions on the diagonal), the result follows. □ 

Proof of Corollary \S. 2, ‘A By Theorem l2.221 it suffices to proye that the natural map 
(5.2) Homg flT. A1 ^ Homo (flT/G’1. \X/G]) 

is representable and quasi-separated. If T —>■ Hom([lT/G'], [X/G]) is a morphism, 
the corresponding morphism T x [IP/G] —> [X/G] is induced from a G-equiyariant 
morphism T xW —>■ A if and only if the two G-bundles oyer T x [VP/G] correspond¬ 
ing to r: T x [W/G] [W/G] BG and s: T X [W/G] [X/G] BG are isomor¬ 

phic. Therefore, the map in (15.21) is a pull-back of the diagonal of Hom([lT/G], BG) 
which is affine. □ 

5.12. Drinfeld’s results on algebraic spaces with Gm-actions. We begin this 
subsection with the following coherent completeness lemma. 

Lemma 5.6. If S is a noetherian affine scheme, then [A^/Gm] is coherently com¬ 
plete along [S'/Gm]- 

Proof. Let A = r(S', O 5 ); then Ag = SpecA[t] and V(t) = [S/Gm]- If T € 
Coh([Ag/Gm]), then we claim that there exists an integer n ^ 0 such that the 
natural surjection r(T) —>■ r(T/t"'T) is bijective. Now eyery coherent sheaf on 
[Ag/Gm] is a quotient of a finite direct sum of coherent sheayes of the form p*£.i, 
where £; is the weight I representation of Gm and p: [A^/Gm] —>■ [S'/Gm] is the 
natural map. It is enough to prove that r(p*£j) r(p*£;/Gp*£j) is bijective, 

or equivalently, that r((t”) ( 8 )p*£;) = 0. But (G) = p*£,n and r(p*£„+i) = 0 if 
n-\-l > 0, hence for all n:$> 0. We conclude that r(3') - A lim ^^ r(S'/t”T) is bijective. 
What remains can be proven analogously to Theorem II..41 □ 

Proposition 5.7. Let W be an excellent algebraic space over a field k and G be 
an algebraic group acting on W. Let Z Q W be a G-invariant closed subspace. 
Suppose that [W/G] is coherently complete along [Z/G]. Let X be a noetherian 
algebraic space over k with an action of G. Then the natural map 

Hom'^ (W, A) -)> 1^ Hom'^ {W ^, A) 

n 

is bijective. 

Proof. We have a cartesian diagram 

Hom^(W, A)-> Hom([W/G], BG) 

Y Y 

Hom([W/G], [X/G]) -^ Hom([W/G], BG) x Hom([W/G], BG) 
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[nl 

and a similar cartesian diagram for W replaced with for any n which gives 

the cartesian diagram 

l^m^ Rom^{wl^\x) -^ /G], BG) 

'' Y 

^^Hom([W'|‘VG],[X/G]) - ^]^^Roir{[wP/G],BG) x Rom {[W^/G], BG) 

Since [14^/G] is coherently complete aloirg [Z/G], it follows by Taniraka duality that 
the natural maps from the first square to the second square are isomorphisms. □ 

Lemma 5.8. Let f: U ^ Z be a Gm-eQuivariant etale morphism of quasi-separated 
algebraic spaces of finite type over a field k. Then = Z^ Xz U and U~^ = 
Z+ Xzo U°. 

Proof. The inclusion of stabilizer group schemes Stab(17) —>■ Stab(Z') Xz U is an 
open immersion since / is etale. The first statement follows since any open subgroup 
of Gm is Gm- For the second statement, we need to show that there exists a unique 
Gm-equivariant morphism filling in the Gm-equivariant diagram 

Spec k X S -s- U 

r 

( 5 . 3 ) / - " / 

Y / 

Ai X 5 -^ Z 

where S is an affine scheme of fiirite type over k, and the vertical left arrow is the 
inclusion of the origin. For each n > 1, the formal lifting property of etaleness 
yields a unique Gm-equivariant map Spec fc[a:]/a:" x S such that 

Spec k X S -^ U 

f 

Y / ^ I 

Spec(fc[a;]/a;") x S -5^ Z 

commutes. By Lemma lS.Gl and Proposition l5.7l there exists a unique Gm-equivariant 
morphism X S ^ U such that (ESI) commutes. □ 

Proof of Theorem \2.24\ The algebraicity of Z'^ and Z follows directly from 
Corollary 12.231 The final statements may be verified after passing to an algebraic 
closure of k. Our generalization of Sumihiro’s theorem iTheorem 12.411 and Lemma 
15.81 now further reduce these to the case when Z is an affine scheme, which can be 
established directly; see iDnTl §1.3.4]. □ 

Appendix A. Equivariant Artin algebraization 

In this appendix, we give an equivariant generalization of Artin’s algebraization 
theorem [Art69bl Thm. 1.6]. We follow the approach of |CJ02] relying on Popescu’s 
theorem that establishes general Neron desingularization: any regular homomor¬ 
phism of noetherian rings is a filtered colimit of smooth homomorphisms. 

The main results of this appendix (Theorems lA. 121 and IA.13]) are formulated in 
greater generality than necessary to prove Theorem 11.21 We feel that these results 
are of independent interest and will have further applications. In particular, in a 
subsequent article we will apply the results of this appendix to prove a relative 
version of Theorem ll.2l 
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A.l. Artinian stacks. 

Definition A.l. We say that an algebraic stack X is artinian if it is noetherian 
and |X| is discrete. We say that a quasi-compact and quasi-separated algebraic 
stack X is local if there exists a unique closed point x € |X|. 

Let X be a noetherian algebraic stack and let a; € |X| be a closed point with 
maximal ideal rria; C Ox- The nth infinitesimal neighborhood of x is the closed 
algebraic stack Xl"! ^ X defined by Note that X^"! is artinian and that 

XM = is the residual gerbe. A local artinian stack X is a local artinian scheme 
if and only if X^^l is the spectrum of a field. 

Definition A. 2. Let X and y be algebraic stacks, and let x € |X| and y € |y| be 
closed points. We say that a morphism /: (X, x) —>■ (y, y) is adic if = X^^l. 

Note that / is adic precisely when f*my —>■ ma, is surjective. When / is adic, we 
thus have that /“^(yf"^) = Xl"! for all n > 0. Every closed immersion is adic. 

Proposition A. 3. Let UC be a quasi-separated algebraic stack and let x G |X| be 
a closed point. Then there exists an adic flat presentation, that is, there exists an 
adic flat morphism of finite presentation p: (Spec A, u) —>■ (X,x). If the stabilizer 
group of X is smooth, then there exists an adic smooth presentation. 

Proof. The question is local on X so we can assume that X is quasi-compact. Start 
with any smooth presentation q: V = Spec A X. The hber 14 = <Z~^(Sx) = 
Spec A// is smooth over the residue field k{x) of the residual gerbe. Pick a closed 
point V G Vx such that k{v)/k{x) is separable. After replacing V with an open 
neighborhood of v, we may pick a regular sequence /i,/ 2 ;---)/ra G that 

generates m„. Lift this to a sequence /i,/ 2 ,...,/n S A and let Z V be the 
closed subscheme defined by this sequence. The sequence is transversely regular 
over X in a neighborhood W C V of v. In particular, U = W n Z V 
is flat. By construction Ux = Zx = SpecK(u) so {U,v) —>■ (A, x) is an adic flat 
presentation. Moreover, SpecK(?;) —>■ Sx ^ r(x) is etale so if the stabilizer group 
is smooth, then Ux —>■ Sa; is smooth and U ^ X is smooth at u. □ 

Corollary A. 4. Let X be a noetherian algebraic stack. The following statements 
are equivalent. 

(1) There exists an artinian ring A and a flat presentation p: Spec A X 
which is adic at every point ofX. 

(2) There exists an artinian ring A and a flat presentation p: Spec A X. 

(3) X is artinian. 

Proof. The implications ([T]) ([21) © are trivial. The implication © =► © 

follows from the proposition. □ 

If X is an algebraic stack, J C Ox is a sheaf of ideals and T is a quasi-coherent 
sheaf, we set Grj(T) := which is a quasi-coherent sheaf of graded 

modules on the closed substack defined by J. 

Proposition A. 5. Let f: (X,x) —> (y,2/) be a morphism of local artinian stacks. 

(1) f is a closed immersion if and only i//|x[il ^ ^ y is a closed immersion. 

( 2 ) / is an isomorphism if and only if f is a closed immersion and there ex¬ 
ists an isomorphism ip: Grm„,(Ojf) —>• (/^°^)* Gr^j,(Oy) of graded Oxio]- 
modules. 

Proof. The conditions are clearly necessary. For the sufficiency, pick an adic flat 
presentation p: Spec A — y. After pulling back / along p, we may assume that y = 
Spec A is a local artinian scheme. If f\xio] is a closed immersion, then X = Speci? 
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is also a local artinian scheme. If in addition f\xm is a closed immersion, then 
mn —>■ ms/rrig is surjective; hence so is mAB ms by Nakayama’s Lemma. We 
conclude that / is adic and that A —i? is surjective (Nakayama’s lemma again). 

Assume that in addition we have an isomorphism tp: Grm^ A = Crme B of 
graded fc-vector spaces where k = A/vn-A = B/ms- Then = 

dimfe It follows that the surjections induced 

by / are isomorphisms. It follows that / is injective. □ 

Recall from Section [Q that a complete local stack is a noetherian local stack 
{X,x) such that X is coherently complete along the residual gerbe 9x- 

Lemma A.6. Let /: (X,x) —>■ {y,y) be a morphism of complete local stacks that 
induces an isomorphism : Xl'^l —> 

(1) f is a closed immersion if and only if f\xM ■ —>■ y zs a closed immersion 

for all n > 0. 

(2) / is an isomorphism if and only z//|y[r>] : X^"! is an isomorphism 

for all n > 0. 

Proof. In the first statement, we have a compatible system of closed immersions 
Xl"! ^ yN, Since y is coherently complete, we obtain a unique closed substack 
Z ^ y such that Xl"l = for all n. Since X and y are coherently complete, it 
follows by Tannaka duality (Theorem 13.Sp that we have an isomorphism X —> Z. 
The second statement follows directly from Tannaka duality since X and y are 
coherently complete. □ 

Combining the lemma and Proposition IA.5I we obtain. 

Proposition A.7. Let f: (X,a;) —> (f^,y) be a morphism of complete local stacks. 

(1) f is a closed immersion if and only if f\xm ■ x[ii —^ y zs a closed immersion. 

(2) / is an isomorphism if and only if f is a closed immersion and there ex¬ 
ists an isomorphism ip: Grm 3 ,(C)x) —t (/^°^)* Gr^^(Oy) of graded Oxioi- 
modules. 

A.2. Formal versality. 

Definition A.8. Let W be a noetherian algebraic stack, let w € |"W| be a closed 
point and let Wl”! denote the nth infinitesimal neighborhood of w. Let X be a 
category fibered in groupoids and let z;: W —X be a morphism. We say that zy 
is formally versal (resp. formally universal) at w if the following lifting condition 
holds. Given a 2-commutative diagram of solid arrows 

IVM 2 , —w 



Y / I 


Z'-^x 

where Z and Z' are local artinian stacks and l and g are closed immersions, there 
exists a morphism (resp. a unique morphism) f and 2-isomorphisms such that the 
whole diagram is 2-coinmutative. 

Proposition A.9. Let rj: (W, z/z) —> (X,x) be a morphism of noetherian algebraic 
stacks. Assume that w and x are closed points. Suppose that zyl'^l: —>■ X^^l is 

representable. 

(1) J/WN ^ XN is etale for every n, then zy is formally universal at w. 

(2) IfWA] XN is smooth for every n and the stabilizer Gw is linearly 
reductive, then zy is formally versal at w. 
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Proof. The first part is clear from descent. For the second part, we begin with 
the following observation: if {Z,z) is a local artinian stack and h: {Z,z) {Q,q) 

is a morphism of algebraic stacks, where q is a closed point, then there exists an 
n such that h factors through QI"). Now, if we are given a lifting problem, then 
the previous observation shows that we may assume that Z' and Z factor through 
some ^ Xf”l, which is representable. The obstruction to the existence of a 
lift belongs to the group Ext^(/*f2-iy[n]/x["i iwhere I is the square zero ideal 
defining the closed immersion g. But Z is cohomologically affine and is 

a vector bundle, so the Ext-group vanishes. The result follows. □ 

A.3. Refined Artin—Rees for algebraic stacks. The results in this section is 
a generalization of |C.T021 §3] (also see [Stacksl Tag 07VD ) from rings to algebraic 
stacks. 


Definition A.10. Let X be a noetherian algebraic stack and let Z ^ X be a 
closed substack defined by the ideal J C Ox- Let (/?:£—>■ T be a homomorphism 
of coherent sheaves on X. Let c > 0 be an integer. We say that (AR)c holds for t/? 
along Z if 

Vj(£)nJ"JC Vn>c. 

When X is a scheme, (AR)c holds for all sufficiently large c by the Artin-Rees 
lemma. If tt: f7 ^ X is a flat presentation, then (AR)c holds for t/? along Z if and 
only if (AR)c holds for 7r*£ —>■ 7r*T along 7r“^(Z). In particular (AR)c holds 

for Lp along Z for all sufficiently large c. If /: £' —» £ is a surjective homomorphism, 
then (AR)c for p holds if and only if (AR)c for p o f holds. 

In the following section, we will only use the case when |Z| is a closed point. 


Theorem A.11. Let £2 £i A- Eg and E'^ £'1 -A £q he two complexes of 

coherent sheaves on a noetherian algebraic stack X. Let Z ^ X be a closed substaek 
defined by the ideal 3 C Ox. Let c be a positive integer. Assume that 

( 1 ) £o,£o,£i,£i are veetor bundles, 

( 2 ) the sequences are isomorphic after tensoring with Ox/J'^, 

(3) the first sequence is exact, and 

(4) (AR)c holds for a and /3 along Z. 

Then 

(a) the second sequence is exact in a neighborhood of Z; 

(b) (AR)c holds for j3' along Z; and 

(c) given an isomorphism (p: Eg ^ £q, there exists a unique isomorphism ip of 
Gtj(O x)-modules in the diagram 


Grj(£o) Grj(coker/3) 


Gr(v) 


a V 
Y 


Grj(£[)) -AzA Grj(coker,0') 
where j: Eg -t- coker/3 and 7 ': Eg —>■ coker/?' denote the induced maps. 


Proof. Note that there exists an isomorphism ip if and only if ker Gr( 7 ) = ker Gr( 7 '). 
All three statements can thus be checked after pulling back to a presentation f7 —>■ X. 
We may also localize and assume that X = U = Spec A where A is a local ring. 
Then all vector bundles are free and we may choose isomorphisms Ei = £( for 
7 = 0,1 such that pi = (3' modulo 1'^. We can also choose a surjection e': 0^ ^ £2 
and a lift e: 0^ ^ £2 modulo so that a o e = a' o e' modulo Thus, we may 
assume that Ei = Ei for i = 0,1,2 are free. The result then follows from |GJ02[ 
Lem. 3.1 and Thm. 3.2] or [Stacks! Tags 07VE and 07VF . □ 
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A.4. Equivariant algebraization. 


Theorem A.12. Let S be an excellent scheme and let T be a noetherian algebraic 
space over S. Let Z be an algebraic stack of finite presentation over T and let 
z G |Z| be a closed point such that Sz ^ S is of finite type. Let t G T be the 
image of z. Let Xi,..., be categories fibered in groupoids over S, locally of finite 
presentation. Let rj: Z ^ X = Xi Xs • ■ ■ Xs X„ be a morphism. Fix an integer 
iV > 0. Then there exists 

(1) an affine scheme S' of finite type over S and a point s' G S' mapping to 
the same point in S as t G T; 

(2) an algebraic stack W ^ S' of finite type; 

(3) a closed point w G |W| over s'; 

(4) a morphism ^: W —^ X; 

(5) an isomorphism Z XtT^^^ = W X 5 / over X; in particular, there is an 

isomorphism over X; and 

( 6 ) an isomorphism Oz = Grm„ Ow of graded algebras over 
Moreover, if Xi is a quasi-compact algebraic stack and : Z —>■ X^ is affine for 
some i, then it can be arranged so that : W —^ X^ is affine. 


Proof. We may assume that S = Spec A is affine. Let t G T he the image of z. 
By replacing T with the completion T = SpecOr,* and Z with Z Xt T, we may 
assume that T = T = Spec B where B is a complete local ring. By standard limit 
methods, we have an affine scheme Sq = Spec Bq and an algebraic stack Zq -g- Sq 
of finite presentation and a commutative diagram 


Z==^Zo 

□ 


X 


T 


If Xi is algebraic and quasi-compact and Z —> X^ is affine for some i, we may also 
arrange so that Zq ^ X^ is affine |Rydl5[ Thm. C]. 

Since Sz ^ -S' is of finite type, so is SpecK(t) —>• S. We may thus choose a 
factorization T ^ Si = —>■ So, such that T ^ Si = SpecOs^^sj is a closed 

immersion; here si G Si denotes the image oi t G T. Let Zi = Zq Xs^ Si and 
Zi = Zi Xsi Si. Gonsider the functor F: Sch/S'i -G Sets where F{Lf -G Si) is the 
set of isomorphism classes of complexes 


0 


^iXSiU 


of finitely presented quasi-coherent Oz^xs (/-niodules with £1 locally free. By stan¬ 
dard limit arguments, F is locally of finite presentation. 

We have an element (a,/3) G F{Si) such that im(/3) defines Z ^ Zi. Indeed, 
choose a resolution 


/ner 




B. 


After pulling back /3 to Zi, we obtain a resolution 


ker(^) ^ Of ^ 0£ ^ Oz. 

4 j 1 '^1 

After increasing N, we may assume that (AR)n holds for a and /3 at z!j°^. 

We now apply Neron-Popescu approximation |Pop 86 | Thm. 1.3] to the regular 
morphism Si -G Si and obtain an etale neighborhood {S', s') -G {Si,si) and an 
element {a',P') G F{S') such that {a, ft) = {a',/3') in We let W ^ 

S' be the closed substack defined by im(/3'). Then Z and W X 5 / S'^^^ 
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are equal as closed substacks of Zi and (P)-® follows. Finally ® follows 

from Theorem lA.Ill □ 

Theorem A.13. Let S, T, Z, rj, N, W and ^ be as in Theorem lA.lB. Ifrii : 2, —>■ Xi 
is formally versal, then there are compatible isomorphisms tpn : —>■ over 

Xi for all n > 0. For n < N, the isomorphism (pn is also compatible with rj and 

Proof. We can assume that A > 1. By Theorem IA.121 we have an isomorphism 
ipN '■ —)■ over X. By formal versality and induction on n > N, we can ex¬ 
tend ifN to compatible morphisms Z over Xi. Indeed, formal versality 

allows us to find a dotted arrow such the diagram 


WN-—-^ 2 



W["+il-^ Xi 

is 2-commutative. By Proposition IA.51 induces an isomorphism pn '■ 

2 [” 1 . □ 

We now formulate the theorem above in a manner which is transparently an equi- 
variant analogue of Artin algebraization [Art69bl Thm. 1.6]. It is this formulation 
that is directly applied to prove Theorem 11.21 

Corollary A. 14. Let H be a linearly reductive affine group scheme over an al¬ 
gebraically closed field k. Let X be a category fibered in groupoids over k that is 
locally of finite presentation. Let 2 = [SpecA/il] be a noetherian algebraic stack 
over k. Suppose that is a complete local k-algebra. Assume that 2 is of finite 
type over an algebraic space T (or eguivalently that 2 —?> Spec is of finite type). 
Let 77 : 2 —> X be a morphism that is formally versal at z £ |2|. Let A > 0. Then 
there exists 

(1) an algebraic stack W = [Spec B/H] of finite type over k; 

(2) a closed point w € |W|; 

(3) a morphism ^: W —>■ X; and 

(4) an isomorphism W —> 2 over X, where W is the coherent completion of 

W at w (i.e., W = W xw SpecOrv^u,,, where W = SpecB^ and wq is 
the image of w under W —> W/ 

Moreover, it can be arranged that is an isomorphism over BH. 

Proof. If we apply Theorem lA. 131 with S = Spec fc, Xi = X and X 2 = BH, then we 
immediately obtain m-m together with isomorphisms pn '■ > 2^"^ that are 

compatible over X for all n and compatible over BiJ for all n < A. Since 2 and W 
are coherently complete, by the Tannakian formalism the isomorphisms pn yields 
an isomorphism p: W ^ Z (see Corollary 13.611 . □ 

References 

[AFSvl4] J. Alper, M. Fedorchuk, D. 1. Smyth, and F. van der Wyck, Log minimal model program 
for the moduli space of stable curves: The second flip, 2014, arXiv:1308.1148 
[AK14] J. Alper and A. Kresch, Equivariant versal deformations of semistable curves, 
https: //maths-people, anu. edu. au/ '-alperj/semistable, pdf 2014. 

[AlplO] J. Alper, On the local quotient structure of Artin stacks, Journal of Pure and Applied 
Algebra 214 (2010), no. 9, 1576 - 1591. 

[Alpl3] _, Good moduli spaces for Artin stacks, Ann. Inst. Fourier (Grenoble) 63 (2013), 

no. 6, 2349-2402. 


















30 


J. ALPER, J. HALL, AND D. RYDH 


[AOV08] D. Abramovich, M. Olsson, and A. Vistoli, Tame stacks in positive characteristic, Ann. 

Inst. Fourier (Grenoble) 58 (2008), no. 4, 1057-1091. 

[Art69a] M. Artin, Algebraic approximation of structures over complete local rings, Inst. Hautes 
Etudes Sci. Publ. Math. (1969), no. 36, 23-58. 

[Art69b] _, Algebraization of formal moduli. /, Global Analysis (Papers in Honor of K. 

Kodaira), Univ. Tokyo Press, Tokyo, 1969, pp. 21—71. 


[Aus66] 

M. Auslander, Coherent functors, Proc. Conf. Categorical Algebra (La Jolla, Calif., 

1965), Springer, New York, 1966, pp. 189-231. 

[BB73] 

A. Bialynicki-Birula, Some theorems on actions of algebraic groups, Ann. of Math. (2) 

98 (1973), 480-497. 

[Bril3] 

Michel Brion, On linearization of line bundles, to appear in J. Math. Sci. Univ. Tokyo 


(2013), arXiv:1312.6267 

[BZFNIO] D. Ben-Zvi, J. Francis, and D. Nadler, Integral transforms and Drinfeld centers in 
derived algebraic geometry, J. Amer. Math. Soc. 23 (2010), no. 4, 909-966. 


[CFll] 

M. Crainic and R. L. Fernandes, A geometric approach to Conn’s linearization theorem, 

Ann. of Math. (2) 173 (2011), no. 2, 1121-1139. 

[CJ02] 

B. Conrad and A. J. de Jong, Approximation of versal deformations, J. Algebra 255 
(2002), no. 2, 489-515. 

[Con05] 

[ConlO] 

Brian Conrad, Formal gaga for artin stacks, 2005. 

B. Conrad, Smooth linear algebraic groups over the dual numbers, MathOverflow ques¬ 
tion at http://inathoverflow.net/questions/22078/smooth-linear-algebraic-groups-over-the-dual-nuinbers , 
2010. 

[CS13] 

M. Crainic and 1. Struchiner, On the linearization theorem for proper Lie groupoids, 

Ann. Sci. Ec. Norm. Super. (4) 46 (2013), no. 5, 723-746. 

[Dril3] 

[EGA] 

V. Drinfeld, On algebraic spaces with an action of Gm, 2013, arXiv: 1308.2604 

A. Grothendieck, Elements de geometrie algebrique, I.H.E.S. Publ. Math. 4, 8, 11, 17, 

20, 24, 28, 32 (I960, 1961, 1961, 1963, 1964, 1965, 1966, 1967). 

[Eis95] 

D. Eisenbud, Commutative algebra. Graduate Texts in Mathematics, vol. 150, Springer- 
Verlag, New York, 1995, With a view toward algebraic geometry. 

[Grol3] 

P. Gross, Tensor generators on schemes and stacks, preprint, June 2013, 
arXiv:1306.5418 

[GS15] 

A Geraschenko and M Satriano, Toric stacks II: Intrinsic characterization of toric 
stacks, Trans. Amer. Math. Soc. 367 (2015), no. 2, 1073-1094. 

[GZ12] 

A. Geraschenko and D. Zureick-Brown, Formal GAGA for good moduli spaces, to appear 
in Algebraic Geometry (2012), arXiv: 1208.2882 

[Hall4a] 

J. Hall, Cohomology and base change for algebraic stacks. Math. Z. 278 (2014), no. 1-2, 


401-429. 

[Hall4b] _, Openness of versality via coherent functors, J. Reine. Angew. Math. (2014), 

available online, http://dx.doi.org/10.1515/crelle-2014-0057 

[HLP14] D. Halpern-Leistner and A. Preygel, Mapping stacks and categorical notions of proper¬ 
ness, 2014, arXiv:1402.3204 

[HNR14] J. Hall, A. Neeman, and D. Rydh, One positive and two negative results for derived 
categories of algebraic stacks, preprint. May 2014, arXiv: 1405.1888 


[HR14a] 

J. Hall and D. Rydh, Algebraic groups and compact generation of their derived categories 
of representations, Indiana Univ. Math. J. (2014), accepted for publication. 

[HR14b] 

. Coherent Tannaka d.uality and n.lgehrnir.ity of }Iaxr\-.<if.nr.k.s. preprint, Mav 2014. 
arXiv:1405.7680 

[HR14c] 

[KM97] 

. Perfect complexes on n.lgehrn.ic stn.cks, preprint. Mav 2014. arXivrl405.1887 

S. Keel and S. Mori, Quotients by groupoids, Ann. of Math. (2) 145 (1997), no. 1, 

193-213. 

[Lie06] 

M. Lieblich, Remarks on the stack of coherent algebras, Int. Math. Res. Not. (2006), 

Art. ID 75273, 12. 

[Lun73] 

D. Luna, Slices etales, Sur les groupes algebriques. Bull. Soc. Math. France, Mem., 
vol. 33, Soc. Math. France, Paris, 1973, pp. 81-105. 

[Nag62] 

M. Nagata, Complete reducibility of rational representations of a matric group., J. 

Math. Kyoto Univ. 1 (1961/1962), 87-99. 

[Nee96] 

A. Neeman, The Grothendieck duality theorem via Bousfield’s techniques and Brown 
representability, J. Amer. Math. Soc. 9 (1996), no. 1, 205-236. 

[OlsOS] 

[OlsOe] 

M. Olsson, On proper coverings of Artin stacks, Adv. Math. 198 (2005), no. 1, 93-106. 

. Deform.n.tion theorv of represenf.n.ble m.orphi.'^m.s of n.lgehrn.ic .<if.n.c.ks. Math 7. 

253 (2006), no. 1, 25-62. 

[Opr06] 

D. Oprea, Tautological classes on the moduli spaces of stable maps to via torus 

actions, Adv. Math. 207 (2006), no. 2, 661-690. 







A LUNA ETALE SLICE THEOREM FOR ALGEBRAIC STACKS 


31 


[Pop86] D. Popescu, General Neron desingularization and approximation, Nagoya Math. J. 104 
(1986), 85-115. 

[PPT14] M. J. Pflaum, H. Posthuma, and X. Tang, Geometry of orbit spaces of proper Lie 
groupoids, J. Reine Angew. Math. 694 (2014), 49-84. 

[Rydl5] D. Rydh, Noetherian approximation of algebraic spaces and stacks, J. Algebra 422 
(2015), 105-147. 

[SGASii] Schemas en groupes. II: Groupes de type multiplicatif, et structure des schemas en 
groupes generaux, Seminaire de Geometrie Algebrique du Bois Marie 1962/64 (SGA 3). 

Dirige par M. Demazure et A. Grothendieck. Lecture Notes in Mathematics, Vol. 152, 

Springer-Verlag, Berlin, 1970. 

[Skol3] J. Skowera, Bialynicki-Birula decomposition of Deligne-Mumford stacks, Proc. Amer. 

Math. Soc. 141 (2013), no. 6, 1933-1937. 

[Stacks] The Stacks Project Authors, Stacks Project, http://inath.columbia.edu/algebraic_geoinetry/stacks-git 
[Sum74] H. Sumihiro, Equivariant completion, J. Math. Kyoto Univ. 14 (1974), 1-28. 

[Sum75] _, Equivariant completion. II, J. Math. Kyoto Univ. 15 (1975), no. 3, 573-605. 

[Tot04] B. Totaro, The resolution property for schemes and stacks, J. Reine Angew. Math. 577 
(2004), 1-22. 

[WeiOO] A. Weinstein, Linearization problems for Lie algebroids and Lie groupoids, Lett. Math. 

Phys. 52 (2000), no. 1, 93-102, Conference Moshe Flato 1999 (Dijon). 

[Zun06] N. T. Zung, Proper groupoids and momentum maps: linearization, affinity, and con¬ 
vexity, Ann. Sci. Ecole Norm. Sup. (4) 39 (2006), no. 5, 841-869. 



